Abstract. Let t be a regular operator between Hilbert C * -modules and t † be its MoorePenrose inverse. We investigate the Moore-Penrose invertibility of the Gram operator t * t.
Throughout this paper we assume that A is an arbitrary C * -algebra (not necessarily unital) and X , Y are Hilbert A -modules. By an operator we mean a linear operator.
We may deal with bounded and unbounded operators at the same time, so we will denote bounded operators by capital letters and unbounded operators by small letters. In addition, Dom(·), Ker(·) and Ran(·) stand for domain, kernel and range of operators, respectively.
An operator t between X and Y is a linear operator with Dom(t) ⊆ X and Ran(t) ⊆ Y .
It is A -linear if t(xa) = t(x)a for all x ∈ Dom(t) and all a ∈ A . The set of all Alinear operators between X and Y is denoted by L(X , Y ). As usual, L(X ) stands for
An operator t ∈ L(X , Y ), whose Dom(t) is a dense submodule of X is called a densely defined operator. An operator t ∈ L(X , Y ) is called closed if its graph G(t) = {(x, t(x)) : x ∈ Dom(t)} is a closed submodule of the Hilbert A -module
, we write t ⊂ s. As usual, this means that Dom(t) ⊆ Dom(s) and s(x) = t(x) for all x ∈ Dom(t). If t has a closed extension, then it is called closable and the operator t ∈ L(X , Y ) with the property
is called the closure of t. A densely defined operator t ∈ L(X , Y ) is called adjointable if there exists a densely defined operator t * ∈ L(Y , X ) with the domain Dom(t * ) = {y ∈ Y : there exist z ∈ X such that t(x), y = x, z for any x ∈ Dom(t)} satisfying the property t(x), y = x, t * (y) for any x ∈ Dom(t), y ∈ Dom(t * ). This property ensures that Dom(t * ) is a submodule of Y and t * is a closed A -linear map. In the setting of Hilbert spaces any densely defined closed operator has a densely defined adjoint but this phenomenon does not occur in the framework of Hilbert C * -modules in general. It is notable that any adjointable operator with domain X is automatically a bounded A -linear map. We denote by B(X , Y ) the set of all adjointable operators from X into Y . The set B(X , X ) is
If s ∈ L(X , Y ) and t ∈ L(Y , Z ) are densely defined operators between Hilbert C * -modules, we define the composition operator ts by (ts)(x) = t(s(x)) for all x ∈ Dom(ts),
where Dom(ts) = {x ∈ Dom(s) : s(x) ∈ Dom(t)}. Then ts ∈ L(X , Z ), but ts is not necessarily densely defined. Suppose two densely defined operators t and s are adjointable, then it is easy to see that s * t * ⊂ (ts) * . If T is a bounded adjointable operator, then
Damaville [3] proved that under certain conditions the product of two regular operators between Hilbert C * -modules is regular. Regular operators on Hilbert C * -modules were first introduced by Baaj and Julg [1] and extensively studied in [11] .
Definition 1.
1. An operator t ∈ L(X , Y ) is said to be regular if t is densely defined, closed and adjointable and the range of 1 + t * t is dense in X . We denote the set of all regular
This definition is equivalent to the notion of regularity introduced by Woronowicz [18] . [5, Corollary 3.2]. Suppose t ∈ R(X , Y ) and define
The following terminology is basic in our study, cf. [6] .
is a densely defined closed operator between Hilbert spaces, then Py'tev [13] proved that there is a densely defined closed operator s satisfying the relations in Definition 1.2. Xu and Sheng [19] proved that an adjointable operator acting on the whole of a Hilbert C * -module has a Moore-Penrose inverse if and only if it has closed range. In [6, Theorem 3.1], a very useful necessary and sufficient condition for a regular operator t to admit a unique Moore-Penrose inverse, denoted by t † , is given as follows: (ii) X = Ker(t) ⊕ Ran(t * ) and Y = Ker(t * ) ⊕ Ran(t).
In this situation, t * t † * and tt † are the projections onto Ran(t * ) = Ran(t * t) and Ran(t),
respectively.
Recall that Dom(t † ) := Ran(t) ⊕ Ker(t * ) and
for all x 1 ∈ Dom(t)∩Ran(t * ), x 2 ∈ Dom(t)∩Ker(t) and x 3 ∈ Ker(t * ).
The adjoint of t † is defined similarly.
In view of [6, Corollary 3.4 ], every regular operator with closed range has a bounded adjointable Moore-Penrose inverse.
Let T be a bounded linear operator with closed range between Hilbert spaces. The Gram operator of T is defined to be the operator T * T . One of interesting problems in matrix theory/operator theory is investigation of the Moore-Penrose inverse (T * T ) † . The equalities [4, 9] in the case when T is a bounded linear operator acting on a Hilbert space. In this paper, we generalize them to the case where t is a certain operator in the framework of Hilbert C * -modules. We set conditions which ensure that t * (t t * ) † = t † and t † = (t * t) † t * and (t * t) † = t † t * † hold. We present an example showing that the equalities do not hold in general. Finally, we apply our results to densely defined closed operators on Hilbert C * -modules over C * -algebras of compact operators.
Moore-Penrose invertibility of Gram operator.
In this section we obtain unbounded versions of some results of [4] in the framework of Hilbert C * -modules. Indeed, we study some conditions which ensure that t † = (t * t)
Our results are also reformulated in terms of bounded adjointable operators.
Lemma 2.1. If t ∈ R(X , Y ) has closed range, then so does t t * .
Proof. If Ran(t) is closed, then Ran(t * ) is closed and X = Ker(t)⊕Ran(t * ). Let x ∈ Dom(t).
Then x = z + t * y, for some y ∈ Dom(t * ) and z ∈ Ker(t) ⊆ Dom(t). We therefore have t(x) = t t * (y), that is, t and t t * have the same range.
Theorem 2.2. Suppose t ∈ R(X , Y ) and Ran(t * ) and Ran(t) are orthogonally complemented in X and Y , respectively. Then the following statements hold:
If in addition t has closed range, then
f (y) dy. The operators V and V * are bounded and injective, that is, Ker(V ) = Ker(V * ) = {0} and Ran(V ) and Ran(V * ) are dense in
yf (y) dy. We claim that Ran(V V * ) = Ran(V ). To see this, we consider the identity function
which implies that f ′ (1) = 0, a contradiction. This means that the Volterra integral equation
of Ben-Israel and Greville, cf. [2, Chapter 9, Ex. 26].
The above example also shows that the assumption "closedness of the range of t" in part
(ii) of Corollary 2.3 cannot be removed. 
Proposition 2.7. Suppose t ∈ R(X ) and Ran(t * ) and Ran(t) are orthogonally complemented in X . Then t is selfadjoint if and only if t = t † t t * .
Proof. The assertion follows from the fact that t † t is the orthogonal projection onto Ran(t † ) = Ker(t † * ) ⊥ = Ker(t) ⊥ = Ran(t * ), which implies t * = t † t t * .
We end our paper with the following useful observations. By an arbitrary C * -algebra of compact operators A we mean that A = c 0 -⊕ i∈I K(H i ), i.e., A is a c 0 -direct sum of elementary C * -algebras K(H i ) of all compact operators acting on Hilbert spaces H i , i ∈ I. If
A is an arbitrary C * -algebra of compact operators, then for every pair of Hilbert A -modules X , Y , every densely defined closed operator t : Dom(t) ⊆ X → Y is automatically regular and has a Moore-Penrose inverse, cf. [5, 6, 7, 10] . The following results follow from [6, Theorem 3.8]. 
